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Abstract8

Recent tests of stochastic dominance of several orders, proposed by Linton, Maasoumi and Whang [Linton,9

O., Maasoumi, E., & Whang, Y. (2005). Consistent testing for stochastic dominance under general sampling10

schemes.Review of Economic Studies, 72(3), 735–765], are applied to reexamine the equity-premium puz-11

zle. An advantage of this non-parametric approach is that it provides a framework to assess whether the12

existence of a premium is due to particular cardinal choices of either the utility function or the underlying13

returns distribution, or both. The approach is applied to the original Mehra–Prescott data and more recent data14

that include daily yields on Treasury bonds and daily returns on the S&P500 and the NASDAQ indexes. The15

empirical results show little evidence of stochastic dominance among the assets investigated. This suggests16

that the observed equity premium represents compensation for bearing higher risk, taking into account higher17

order moments such as skewness and kurtosis. There is some evidence of a reverse puzzle, whereby Treasury18

bonds stochastically dominate equities at the third order, a result which potentially reflects insufficient com-19

pensation that investors receive for having to bear the negative skewness associated with the S&P500 index.20

© 2006 Published by Elsevier Inc.21

Keywords: Equity-premium puzzle; Stochastic dominance; Non-parametric; Subsampling; Recentered bootstraps; Higher22

order moments23

24

1. Introduction25

If a risky asset or portfolio does not dominate a risk-free alternative, a premium will be26

demanded for holding it. An appropriate premium would depend on the agent’s risk assess-27

ment which, in turn, depends on both the agent’s utility function and the returns distribution.28
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An on-going challenge in finance is to devise theoretical asset-pricing models that are consistent29

with the “stylized fact” concerning the observed premium between real returns on investments30

in equity and the real yields on bonds.Mehra and Prescott (1985)are the first to estimate the31

equity premium at about 6% p.a., using annual data for the U.S. over the period 1889 to 1978.32

They argue that the “size” of the premium implies unacceptably high levels of risk aversion,33

based on standard financial models. They label this phenomenon the equity-premium puzzle.1
34

What makes the puzzle enduring is that it appears to arise in different sample periods, occurs for35

a broad selection of assets and is characteristic of many international financial markets (Mehra,36

2003).237

As the observed premium is a self-evident fact in need of replication/calibration with any38

model, the equity-premium puzzle can be and has been seen as a conflict between a priori views39

about, and the actual estimates of, the risk-aversion parameter arising from incorrectly specify-40

ing either the form of the utility function, or the probability distribution of returns, or both. The41

explosion of the literature since theMehra and Prescott (1985)paper can be interpreted as a speci-42

fication search over a range of models with the aim of deriving empirically “sensible” estimates of43

the risk-aversion parameter. This specification search can be categorized into three broad groups.44

The first class of models focuses on preferences. This class of models looks at extending existing45

parametric utility functions by allowing for generalized expected utility (Epstein & Zin, 1991);46

habit formation (Constantinides, 1990); relative consumption (Abel, 1990); and subsistence con-47

sumption (Campbell & Cochrane, 1999).3 The second class of models focuses on the specification48

of the probability distributions underlying the returns processes. The majority of the proposed49

models assume log-normality. Some exceptions areRietz (1988), who specifies an augmented50

probability distribution that allows for extreme events, andHansen and Singleton (1983), who do51

not specify any probability distribution. In general, there is strong empirical evidence to reject the52

log-normality assumption as it is well documented that empirical returns distributions are highly53

non-normal and characterized by higher order moments including both skewness and kurtosis.54

The third class of models relaxes the assumptions concerning complete and frictionless asset55

markets. Some of the main suggestions allow for incomplete markets (Weil, 1992), trading costs56

through borrowing constraints (Heaton & Lucas, 1995), transaction costs (Aiyagari & Gertler,57

1991), liquidity premia (Bansal & Coleman, 1996); and taxes (McGrattan & Prescott, 2001). Put58

another way, the puzzle is, “why can a given model not be calibrated to replicate the observed59

stylized fact”?60

An important characteristic of the proposed theoretical models is that they adopt parametric61

specifications of either the preference functions or the probability distribution, or both. The fact62

that the search still continues suggests that no parametric specification has been uncovered that63

yields a priori satisfactory estimates of risk aversion. The complimentary strategy adopted in this64

paper is to circumvent these problems and adopt a non-parametric framework which imposes65

a minimal set of conditions on preferences and the underlying probability distribution. These66

conditions consist of non-satiation, risk aversion, a preference for skewness and an aversion to67

1 An associated puzzle is the risk-free rate puzzle (Weil, 1989), in which the implied risk-free rate predicted by theoretical
models is too high relative to the observed rate. While the focus of the current paper is on the equity-premium puzzle, the
alternative models proposed in the literature, in general, attempt to explain both puzzles.

2 Campbell (1996)reports evidence of the equity-premium puzzle for both large and medium-sized markets.
3 A related class of explanations would be those based on behavioral finance. For exampleBenartzi and Thaler (1995)

suggest that the equity premium can be explained by recognizing that investors are more sensitive to losses than gains and
that they evaluate their portfolios frequently.
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kurtosis.4 The approach consists of couching the equity-premium puzzle in terms of testing for68

various levels of stochastic dominance (SD) between the returns on equities and bonds. This is69

of intrinsic interest, of course, but can also shed light on the equity-premium puzzle literature. If70

equities dominate bonds, especially at lower orders, there is indeed a puzzle whatever utility or71

other functionals within the associated class of utility functionals. The non-existence of first- or72

second-order stochastic dominance, say, means that for agents with Von Neumann–Morgenstern73

concave utility functions, investment in equity, for example, is not sufficiently attractive without74

a premium. The expected utility paradigm suggests that, to quantify what is a reasonable size75

for the premium, requires specific utility functions and special values for their coefficients, as76

well as knowledge of the probability laws governing these returns. This suggests that evidence77

of an equity-premium puzzle may be an artifact of the specific functionals chosen if there is78

no dominance. Non-dominance, or maximality, implies that there is no uniform (weak) ranking79

over the risk-free asset, and there are indeedsome functionals, utility functions and probability80

distributions such as those adopted byMehra and Prescott (1985), that might present a puzzle. But,81

according to some functionals, even the 6% differential initially observed byMehra and Prescott82

(1985) may be too small, and almost surely so for some risk-averse individuals. Stochastic-83

dominance testing helps to make clear that the functionals that are inconsistent with premia of84

6% or more are either irrational or puzzling. It provides a birds-eye view of how the twin and85

very demanding obstacles of cardinal utility identification/estimation and heterogeneity, among86

individuals and in asset returns, has been handled in the equity-premium puzzle literature.87

The non-parametric framework proposed is applied to two data sets. The first is the original88

Mehra–Prescott annual data set for the U.S. The second is daily observations on a risk-free bond89

and two risky-asset indices for the U.S., the S&P500 and NASDAQ indexes. The empirical results90

show little or no evidence of stochastic dominance in both data sets. There is some, generally91

insignificant, evidence of third- or higher order dominance of equities over bonds in the Mehra and92

Prescott data, but this is at a 1% nominal size of the test and not at the usual 5% level. The daily data93

reveal no first- or second-order dominance between Treasury bills and S&P500. There is weak94

evidence of third-order stochastic dominance of Treasury bills over S&P500, suggesting that some95

agents rank the risk-free asset over the risky asset when pricing skewness. This result may suggest96

that the observed equity premium has been too small to compensate agents adequately for bearing97

the higher risk associated with S&P500. Finally, there is no evidence of either first- or second-98

order stochastic dominance between the two “risky” indices, S&P500 and NASDAQ. However,99

there is some evidence that S&P500 third- and fourth-order stochastically dominates NASDAQ.100

Given that S&P500 exhibits negative skewness and NASDAQ positive skewness, this suggests101

that the observed premium between the two assets would be even higher if they exhibited the102

same skewness characteristics. In view of these findings, we recommend the most flexible forms103

of utility functions, returns distributions that easily allow a role for higher order moments, and104

models that allow for heterogeneity, combined with very reliable inference techniques. Attribution105

of cardinal utility functions to individuals is not for the faint at heart.106

The rest of the paper proceeds as follows. Preliminary empirical evidence of the equity premium107

and estimates of the risk-aversion parameter using existing parametric models are reported in108

Section2. The non-parametric testing framework based on stochastic dominance is presented109

in Section3. This framework is applied in Section4 to re-examine the Mehra–Prescott original110

4 Harvey and Siddique (2000)provide a recent discussion of the importance of skewness in asset pricing, whileLim,
Martin, and Martin (2005)highlight the importance of skewness and kurtosis in the pricing of options.
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Table 1
Descriptive statistics on real equity returns (Rs,t), real bond yields (Rb,t) and real consumption growth rate (Rc,t); expressed
as percentage per annum for the period 1889–1978 (Mehra–Prescott data)a

Statistic Equity (Rs,t) Bonds (Rb,t) Consump. (Rc,t)

Mean 6.980 1.036 1.826
Median 5.664 0.412 2.156
Maximum 50.983 20.062 11.111
Minimum −37.038 −18.510 −9.091
S.D. 16.541 5.730 3.587
Skewness 0.101 0.001 −0.338
Kurtosis 2.980 4.707 3.721
BJ (p.v.) 0.925 0.004 0.160

Covariances (lower triangle) and correlations (upper triangle)
Equity (Rs,t) 270.576 0.113 0.375
Bonds (Rb,t) 10.577 32.468 −0.107
Consump. (Rc,t) 22.011 −2.166 12.722

a Equity returns and consumption growth are computed as arithmetic returns. SeeMehra and Prescott (1985)and
Kocherlakota (1996)for details of constructing the data.

data set, as well as a more recent data set that uses daily equity returns and bond yields. The111

main empirical results point to a lack of stochastic dominance among the financial returns series112

investigated. Section5 provides some concluding comments and suggestions for future research.113

2. Background evidence of the equity premium114

The equity-premium puzzle is commonly demonstrated in one of two ways. The first is based115

on descriptive statistics that compare the average returns of different financial assets. The second116

involves estimating the risk-aversion parameter for a chosen theoretical model. To highlight both117

of these approaches, theMehra and Prescott (1985)original data set is adopted. These data consist118

of annual U.S. data on real asset prices and aggregate real consumption expenditures beginning119

in 1889 and ending in 1979, a total of 91 observations.5
120

Descriptive statistics on real equity returns (Rs,t), real bond yields (Rb,t) and the real con-121

sumption growth rate (Rc,t), are given inTable 1. Equity returns and consumption growth are122

computed as arithmetic returns, thereby reducing the effective sample size toT = 90. All variables123

are expressed in percentages per annum. The size of the equity premium between equities and124

bonds is approximately 6% p.a. (6.980–1.036%). The higher mean return on equity is associated125

with higher “risk,” traditionally indicated by the higher value of the standard deviation for equity126

compared to bonds, that is, 16.541 compared to 5.730. Further evidence of the higher risk from127

investing in equities is highlighted by observing that the extreme returns in equities are more than128

twice the extreme returns experienced by real bonds. The relatively higher volatility of real equity129

returns over real bond yields is also demonstrated inFig. 1 which plots the two series over the130

sample period, 1889–1978.131

The strength of the contemporaneous linear relationships among the three series is highlighted132

by the covariances (lower triangle) and correlations (upper triangle) inTable 1. Consumption and133

5 Understanding the time-series properties of the data is also important in designing appropriate bootstrap procedures
to undertake stochastic dominance tests. This connection is elaborated upon in Sections3 and 4.
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Fig. 1. Bond yields and equity returns: real, percentage per annum, 1889–1978.

equities have a positive association (correlation of 0.375), as do equities and bonds (correlation134

of 0.113), while consumption and bonds have a negative association (correlation of−0.107).135

Estimates of the relative risk-aversion parameterγ are presented inTable 2 for the136

Mehra–Prescott data using the descriptive statistics inTable 1. Details of the calculations are137

given in the footnote of this table. All of these estimates are based on parametric representations138

Table 2
Alternative estimates of the relative risk-aversion parameter,γ: 1889–1978, Mehra–Prescott data

Model Method and source γ

1 Mehra (2003, Eq. (15))a 26.085
2 Mehra (2003, Eq. (16))b 46.926

3 Campbell et al. (1997, Eq. (8.2.9))c 1.799
4 Campbell et al. (1997, Eq. (8.2.10))d 11.062
5 Campbell et al. (1997, Eq. (8.2.9))e 1.823
6 Campbell et al. (1997, Eq. (8.2.10))f 3.351

7 Hansen and Singleton (1983): GMMg 15.397

8 Grossman, Melino, and Shiller (1987)h 24.755

The following definitions are used. Letrs,t = ln(1 +Rs,t), rb,t = ln(1 +Rb,t) andrc,t = ln(1 +Rc,t), represent log returns: ˆµs

andµ̂b are the respective sample means ofrs,t andrb,t, σ̂2
s is the sample variance ofrs,t andσ̂s,c is the sample covariance

of rs,t andrc,t. For arithmetic returns: ˜µs, µ̃b andµ̃c are, respectively, the sample means ofRs,t, Rb,t andRc,t; σ̃s,c is the
sample covariance ofRs,t andRc,t, andσ̃b,c is the sample covariance ofRb,t andRc,t.

a Computed aŝγ1 = (µ̂s − µ̂b + 0.5σ̂2
s )σ̂−1

s,c .
b Computed aŝγ2 = (µ̂s − µ̂b + 0.5σ̂2

s )σ̂−2
c .

c Computed aŝγ3 = σ̂s,cσ̂
−2
c , by regressingrs,t on a constant andrc,t.

d Computed aŝγ4 = σ̂2
s σ̂−1

s,c , by regressingrc,t on a constant andrs,t.
e Same as (c) but use an IV estimator with instruments{const,rs,t−1, rb,t−1, rc,t−1}.
f Same as (d) but use an IV estimator with instruments{const,rs,t−1, rb,t−1, rc,t−1}.
g The GMM estimate is based on the two moment conditionsE[δ(1 +Rc,t)−γ (1 +Rb,t) − 1], E[δ(1 +Rc,t)−γ (1 +Rs,t) − 1],

with instruments as in (e) or (f).
h Computed aŝγ8 = (µ̃s − µ̃b)(1 + µ̃c)(σ̃s,c − σ̃b,c)−1.
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using power utility preferences and log-normal returns (seeCampbell, Lo, & MacKinlay (1997)).139

The first observation to make is that the estimates of the relative risk-aversion parameter are not140

robust, with estimates ranging from a high of 46.926 to a low of 1.799, despite the same underlying141

model. Psychologists and experimentalists have found similarly disconcertingly wide ranges for142

this parameter. This variation in the estimates ofγ suggest that either the preference function,143

or the distribution of returns, or both, are inappropriate. These results also highlight the need for144

adopting a non-parametric approach in modeling the equity premium to avoid basing inferences145

on incorrect parametric specifications.146

3. Stochastic-dominance testing147

This section provides a non-parametric approach based on stochastic-dominance testing to148

re-evaluate the equity-premium puzzle. This has the advantage of testing if the observed equity149

premium represents adequate compensation for risk preferences based on second and even higher150

moments of the underlying returns distribution, while imposing a minimalist set of conditions on151

preferences. This contrasts with the existing literature which tends to focus on tight parametric152

representations of the utility and distribution functionals. A lack of stochastic dominance between153

asset returns is evidence that the premium is adequate compensation for bearing risk, whereas evi-154

dence of stochastic dominance suggests a puzzle as equity returns are too high, or even potentially155

too low, to be consistent with the risk preferences of investors.156

3.1. Definition of stochastic dominance157

Consider two stationary time series of returns,Ri,t andRj,t, t = 1, 2, . . ., T, with respective158

cumulative distribution functions (CDFs),Fi(r) andFj(r), over the supportr. The returns are not159

expected to beiid, but can exhibit some dependency structures in the moments of the distribution.160

The null hypotheses thatRi,t stochastically dominatesRj,t, for various orders are as follows:161

H0 : (First order) Fi(r) ≤ Fj(r)

H0 : (Second order)
∫ r

0
Fi(t)dt ≤

∫ r

0
Fj(t)dt

H0 : (Third order)
∫ r

0

∫ t

0
Fi(s)dsdt ≤

∫ r

0

∫ t

0
Fj(s)dsdt

H0 : (Fourth order)
∫ r

0

∫ t

0

∫ s

0
Fi(u)dudsdt ≤

∫ r

0

∫ t

0

∫ s

0
Fj(u)dudsdt.

(1)162

The null hypotheses in this paper are unambiguous as the test for stochastic dominance com-163

bines the test thatRi,t stochastically dominatesRj,t with the reverses (j over i). The alternative164

hypothesis is that there is no stochastic dominance. Mathematically, lower order dominance165

implies all higher order dominance rankings. In the case of first-order dominance, the distribu-166

tion function ofRi,t lies everywhere to the right of the distribution function ofRj,t, except for a167

finite number of points where there is strict equality. This implies that for first-order stochastic168

dominance, the probability that returns of theith asset are in excess ofr, say, is higher than the169

corresponding probability associated with thejth asset170

Pr(Ri,t > r) ≥ Pr(Rj,t > r). (2)171
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An important feature of the definitions of stochastic dominance is that they impose minimalist172

conditions on the preferences of agents within the class of von Neumann–Morgenstern utility173

functions that form the basis of expected utility theory. The different orders of dominance corre-174

spond to increasing restrictions on the shape of the utility function and the attitude towards risk of175

agents to higher order moments. These restrictions are non-parametric and do not require specific176

parametric functional forms.177

Let u(·) represent a utility function. For first-order stochastic dominance (FSD) ofRi,t overRj,t,178

expected utility from holding asseti is generally greater than the expected utility from holding179

assetj, within the class of utility functions with positive first derivatives180

E[u(Ri,t)] ≥ E[u(Rj,t)], where u′ ≥ 0. (3)181

That is, agents prefer higher returns on average than lower returns when preferences exhibit non-182

satiation. In the case of CCAPM with power utility and log-normality, the relationship between183

the returns on equity (Rs,t) and bond yields (Rb,t) is (Campbell et al. (1997))184

ln Et

[
(1 + Rs,t+1)

(1 + Rb,t+1)

]
= γσs,c, (4)185

whereγ is the relative risk-aversion parameter andσs,c is the covariance between ln(Ct/Ct−1)186

and ln(1 +Rs,t+1). The size of the risk premium isγσs,c, which constitutes a rightward shift in the187

empirical distribution ofRs,t+1 for γσs,c > 0.188

For second-order stochastic dominance (SSD), expected utility from holding asseti is generally189

greater than the expected utility from holding assetj, within the class of utility functions with190

positive first derivatives and negative second derivativesµ′ ≥ 0, µ′′ ≤ 0. This class of agents is191

characterized by risk aversion, whereby a risk premium is needed to compensate investors from192

holding assets whose returns exhibit relatively higher “volatility”.193

The condition for third-order stochastic dominance (TSD) implies that the expected utility194

from holding asseti is generally greater than the expected utility from holding assetj, within the195

class of utility functions with positive first and third derivatives and negative second derivatives,196

µ′ ≥ 0, µ′′ ≤ 0, µ′′′ ≥ 0. This class of agents increasingly prefers positively skewed returns as197

they are prepared to trade off lower average returns for the chance of an extreme positive return.198

SeeIngersoll (1987)andMcFadden (1989)for definitions and more detail on the equivalence of199

various conditions for SD rankings.200

Fourth-order stochastic dominance (FOSD) incorporates the fourth moment of the returns201

distribution. For fourth-order stochastic dominance of asseti over assetj, the expected utility202

from holding asseti is generally greater than the expected utility from holding assetj, for all203

utility functions withµ′ ≥ 0,µ′′ ≤ 0,µ′′′ ≥ 0,µ′′′′ ≤ 0. This class of agents is adverse to assets that204

exhibit extreme negative as well as positive returns. As agents prefer thinner-tailed distributions to205

fat-tailed distributions, to hold assets that exhibit the latter property they need to be compensated206

with higher average returns. Even where two assets exhibit the same volatility, the asset returns207

distributions may nevertheless exhibit differing kurtosis resulting in a risk premium between the208

two assets.209

Fig. 2 highlights the stochastic-dominance features of four hypothetical asset return dis-210

tributions. All distributions are assumed to be normal,N(µ,σ2) with meanµ and volatility211

σ2,212

F1 = N(1, 62), F2 = N(7, 62), F3 = N(1, 122), F4 = N(6, 122).213
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Fig. 2. Hypothetical asset returns distributions, first- to fourth-order stochastic dominance as defined in (1):F1 = N(1, 62),
F2 = N(7, 62), F3 = N(1, 122), F4 = N(6, 122).

The first column ofFig. 2gives the stochastic-dominance properties betweenF1 andF2. The214

two returns distributions exhibit the same volatility,σ1 =σ2 = 6, but have different meansµ1 = 1215

andµ2 = 6. F2 first (and higher) order dominatesF1 as asset 2 yields a higher mean return than216

asset 1 (µ2 >µ1) for the same level of risk (σ2 =σ1). The equity premium ofµ2 − µ1 = 5, in this217

case would represent a puzzle as the relatively higher return earned from investing in asset 2218

comes without any additional risk.219

The second column ofFig. 2 gives the stochastic-dominance properties ofF1 andF3. Both220

distributions have the same mean, but have differing volatilities. In this example, there is no first-221

order stochastic dominance. However,F1 second-order dominatesF3, as asset 1 has lower risk222

than asset 2 (σ1 <σ3), while the mean returns are the same (µ1 =µ3). Within the class of concave223

utility functions, asset 1 stochastically dominates asset 3. The expected return on asset 3 is too224

low relative to the higher risk associated with this asset. This is further demonstrated in the third225

column ofFig. 2where nowF4 exhibits a higher average return to compensate for the higher risk226

(compare the distribution of asset 3 in the second column ofFig. 2with the distribution of asset 4227

in the third column). There is no SD of any order between the two assets in this case. The higher228

expected return ofF4 relative toF1 is indeed appropriate compensation for bearing the higher229

risk. The equity premium ofµ2 − µ1 = 5, now does not represent a puzzle.
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3.2. Testing230

The approach for conducting stochastic-dominance tests is based on the approach byLinton,231

Maasoumi, and Whang (2005), who propose non-parametric tests of stochastic dominance by232

extending the Kolmogorov–Smirnov statistics ofMcFadden (1989). Inference is performed by233

using subsampling to constructp-values as well as recentered bootstrap methods. An impor-234

tant advantage of this approach is that it can accommodate the general dependence structures235

observed in returns that arise from conditional volatility (Bollerslev, Chou, & Kroner (1992)) and236

higher order moments (Harvey and Siddique, 2000), as well as the observed contemporaneous237

correlations among assets.6
238

3.2.1. First order239

We combine the empirical versions of two tests. The first statistic is for the null hypotheses240

thatRi,t first-order dominatesRj,t241

SD1,i,j =
√

T sup
r

(F̂i(r) − F̂j(r)), (5)242

while the second statistic is for the reverse test where the null hypothesis is thatRj,t first-order243

stochastically dominatesRi,t244

SD1,j,i =
√

T sup
r

(F̂j(r) − F̂i(r)). (6)245

HereT is the sample size, and̂Fk(r) is the empirical cumulative distribution functions (CDF) of246

Rk,t, k = i, j,247

F̂k(r) = 1

T

T∑
t=1

I(Rk,t ≤ r), (7)248

where249

I(Rk,t ≤ r) =
{

1 : Rk,t ≤ r

0 : Rk,t > r
, (8)250

is the indicator function. Each statistic is an extension of the Kolmogorov–Smirnov test, which251

equals the maximum distance between the two empirical CDFs,F̂i(r) and F̂j(r). Following252

McFadden (1989), the statistics in(5) and(6) are combined to provide an unambiguous over-253

all test of first-order SD254

MF1 = min
i�=j

(SD1,i,j, SD1,j,i). (9)255

Suppose that the null is true, so that the distribution function ofRi,t lies to the right of the256

distribution function ofRj,t, except for the tails where it is zero, as in the first column ofFig. 2.257

NowFi(r) < Fj(r), yielding a negative value for the support of the distribution under the null, while258

at the tails the difference is zero. Taking the sup in(5) results in a value of the test statistic of259

6 A related approach is byBarrett and Donald (2003). However, this approach assumesiid returns as well as returns
being contemporaneously uncorrelated. SeeAbhyankar and Ho (2003)for a comparison of theLinton et al. (2005)and
Barrett and Donald (2003)approaches in the case of financial data.
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SD1,i,j = 0. If the null is false, then either there is no SD, in which case the two CDFs cross, orRi,t is260

first-order stochastically dominated byRj,t. In either case, the test statistic is positive, SD1,i,j > 0.261

Under the null of stochastic dominance, it must be thatMF1 ≤ 0. Under the alternative, the262

empirical CDFs must cross, resulting in MF1 > 0. In this case, the assets are maximal, that is, they263

are unrankable. In the context of the equity-premium puzzle, both assets would be appropriately264

priced by the market and any premium simply reflects the price of bearing higher risk.7
265

In the case ofiid data, the sampling distributions of(5) and(8) under the null were originally266

derived byKolmogorov (1933), whileMcFadden (1989)derived the sampling distribution of(9).267

For the case where the data exhibit some dependence, the form of the (asymptotic) sampling268

distribution is generally unknown and depends on the unknown, underlying distributions.8 To269

circumvent this problem, the sampling distribution of the test statistics is approximated using270

a resampling scheme based on subsampling and bootstrap methods. (SeePolitis, Romano, &271

Wolf (1999), andLinton et al. (2005)for a review of this approach.) The approach is to sample272

pairs of overlapping sub-periods of the data. By sampling the data in blocks, this captures the273

dependence structure in the data, while sampling the data in paired blocks preserves its contem-274

poraneous structure. The sampling distribution is constructed by computing the test statistics for275

each sampled block and constructing thep-values from the empirical distributions. In the case276

where unique blocks are sampled, the approach is called sub-sampling, whereas the approach is277

called bootstrapping where non-unique blocks are sampled and stacked to reconstruct a sample278

of sizeT.279

3.2.2. Higher order280

To test for higher orders of SD, the CDFs are replaced by the pertinent integrated CDFs. To281

perform this calculation in practice, the approach adopted is to compute themth-order CDF of282

asset returnRi,t, by9
283

F̂m,i(r) = 1

T (m − 1)!

T∑
t=1

I(Ri,t ≤ r)(r − Ri,t)
m. (10)284

Alternatively, the higher order CDF can be computed by cumulative sums of the lower order CDFs.285

The corresponding test statistics of higher order SD are denoted asSDm,i,j, SDm,j,i and MFm. It is286

worth noting that a statistical finding of a given rank order does not imply a statistical ranking at287

higher orders at the same significance level. While the mathematical (probability one) rankings288

are ordered, sampling variation can result in apparent contradictions with a small probability.289

4. Applications290

4.1. Mehra–Prescott annual data291

In this section, tests of SD between real Treasury bond yields (Rb,t) and real equity returns (Rs,t)292

over the period 1889–1978,T = 90, are presented for the Mehra and Prescott data.Fig. 3gives the293

7 The maximality test statistic in(9) can be extended to testing for maximality among more than two assets.
8 This problem is akin to performing a test of the population mean, where the test statistic is a function of the unknown

population variance.
9 Expression(10) is motivated by integrating

∫ r

0
Fi(t)dt in (1) by parts and replacing it by its empirical analogue.

Repeating the integrations for the higher order integrals yields Eq.(10).
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Fig. 3. First- to fourth-order empirical cumulative distribution functions for real bond yields and real equity returns:
percentage per annum, 1889–1978.

empirical distribution functions and higher order cumulative empirical distribution functions for294

the two series.10 Inspection of the graphs suggests no evidence of any SD, as the two empirical295

distribution functions cross for all orders of SD.296

The SD tests based on MFm, m = 1, 2, 3, 4 as well as the individual SD tests (SDm,i,j, SDm,j,i), are297

reported inTable 3. The first column gives the order of SD being tested, with the null hypothesis298

given in the second column. The test statistics are given in the third column, with the calculated299

values reported in the fourth column. The next three columns provide information on the sampling300

distribution of the test statistics with thep-values reported in the last column. The sampling301

distribution is based on “recentered paired bootstraps” with overlapping blocks. The block sizes302

are set atB = 9, using the ruleB = α
[√

T
]

with α = 1. This represents a string of 10 years of data303

in each block. For a sample of sizeT = 90, there are 82 overlapping blocks. For each bootstrap, nine304

blocks are randomly drawn and stacked producing a bootstrap sample equal toT observations.305

The number of replications is set at 10,000.11
306

The reported value of the test of first-order SD using MF1 in Table 3is 1.160. Comparing this307

value with the critical value associated with the top 5% of values, 1.054, provides evidence of no308

first-order SD between Treasury bonds and equities.309

10 The support of the cumulative distribution function is based on the range of the data with the number of intermediate
points set equal to the sample size,T.
11 Sensitivity analyses with the block sizes varying from 6 to 12 yield similarp-values as reported inTable 3. These

results were presented in an earlier version of this paper and are available from the authors upon request.
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Table 3
SD tests of real bond yieldsRb,t and equity returnsRs,t: Mehra–Prescott data, 1889–1978

Stochastic
dominance

Null hypothesis Statistic Value Bottom 5% Top 5% pv

First Non-maximal MF1 1.16 0.105 1.054 0.03
SD1,b,s

Rb,t SD Rs,t SD1,s,b 3.479 0.316 2.214 0.002
Rs,t Rb,t

SD 1.16 0.211 1.687 0.222

Second Non-maximal MF2 18.974 0 7.695 0
SD2,b,s

Rb,t SD Rs,t SD2,s,b 56.71 0 35.101 0.002
Rs,t Rb,t

SD 18.974 0 24.244 0.103

Third Non-maximal MF3 316.44 0 104.36 0
SD3,b,s

Rb,t SD Rs,t SD3,s,b 1600.6 0 1531.3 0.042
Rs,t Rb,t

SD 316.44 0 1134.5 0.3

Fourth Non-maximal MF4 7346 0 1380.4 0
SD4,b,s

Rb,t SD Rs,t SD4,s,b 16774 0 39941 0.265
Rs,t Rb,t

SD 7346 0 37646 0.357

Bootstraps based on recentered paired bootstraps with overlapping blocks.

It is worth noting that an implied critical value of zero may correspond to a conventionally310

low test size in some cases. AsLinton et al. (2005)have shown, our tests are consistent and311

their distribution converges to−∞ under the strict null of dominance (MF1 � 0). The asymptotic312

distribution is Gaussian on the boundary of the null (MF1 = 0). A zero would appear to be the313

appropriate critical value to choose in a setting where economists would find it lacking in credibility314

to conclude dominance when the sample CDFs cross and would choose to maximize test power.315

This situation arises in the test of second- and higher order SD inTable 3.316

The test value of MF2 for testing second-order SD inTable 3has a value of 18.974, with317

a p-value of 0.000. This implies that agents with preferences characterized by monotonically318

increasing and concave utility functions are indifferent between bonds and equities, as the higher319

premium on equities provides sufficient compensation for bearing the higher risk in equities.320

However, the critical value of the bottom 5% of values is zero, showing that there is a 0.05321

probability of negative values for the statistic, and that a 95% confidence interval for second-322

order SD includes zero. Thus, “equal ranking” is not rejected at this level of confidence.323

The results of the third- and fourth-order SD tests using MF3 and MF4 also show that neither324

security dominates the other, with the SD test values in both cases being positive and yielding325

p-values of less than 1%. This suggests that bonds and equities are unrankable in terms of skew-326

ness and kurtosis and that agents who have a preference for positive skewness and an aversion327

for kurtosis are indifferent between holding the two assets. Again we note that there is a 0.05328

probability of negative values for the statistics, suggesting that a 95% confidence interval for SD329

includes zero. Thus, “equal ranking” of assets is not rejected at this level of confidence, and higher330

order moments matter, albeit only slightly.331
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Table 4
Descriptive statistics on 3-month Treasury bond yields (Rtb,t), returns on S&P500 (Rsp,t) and returns on the NASDAQ
Rnd,t: expressed as percentage per annum, beginning 4 July 1989 and ending 14 July 2003a

Statistic Treas. bills (Rtb,t) S&P500 (Rsp,t) NASDAQ (Rnd,t)

Mean 4.666 8.446 12.636
Median 5.070 1.235 20.483
Maximum 8.390 1433.898 4335.149
Minimum 0.790 −1894.149 −2615.187
S.D. 1.762 276.316 500.497
Skewness −0.159 −0.144 0.117
Kurtosis 2.739 7.013 7.515
BJ (p.v.) 0.000 0.000 0.000

a S&P500 and NASDAQ returns computed as the daily difference of the natural logarithms of daily prices, multiplied
by 252 to convert daily returns into annualized values, and by 100 to express the returns as a percentage.

Overall, the results show that there is no clear SD between bond yields and equity returns for332

the Mehra–Prescott data. This is also true for risk preferences characterized by second- and higher333

order moments. Within the context of the equity-premium puzzle, this result implies that the equity334

premium between equities and bonds reported inTable 1simply reflects the risk preferences of335

agents. There is just one case where there is evidence of an equity-premium puzzle. This occurs336

where utility functions are simply characterized by preferences that do not exhibit non-satiation337

and the size of the test is chosen to be 1%. However, adopting a 5% level for the test reveals no338

first-order SD and hence no puzzle.339

4.2. Daily financial data340

Tests of SD are now applied to daily data on three financial assets consisting of a risk-free341

asset (3-month Treasury bonds), and two risky assets (S&P500 and NASDAQ prices).12 The data342

begin after 4 July 1989, and end on 14 July 2003, a total of 3661 observations. Computing daily343

continuously-compounded equity returns results in a sample of sizeT = 3660. The equity returns344

are scaled by 252 to annualize the daily returns and by 100 to express the returns as a percentage.345

Some descriptive statistics of the three series are given inTable 4. The sample means show that346

the equity premia between the risk-free asset and the two equity assets are between 4 and 8, which347

encompasses the premium estimate reported inTable 1for the Mehra–Prescott data. Inspection348

of the standard deviations show that the higher mean returns are associated with higher volatility.349

Table 4also reveals a sizeable premium of just over 4% between the two risky assets, S&P500350

and the NASDAQ. This is presumably compensation for the relatively higher risk associated with351

investing in the NASDAQ, where the sample standard deviation is nearly twice as large as the352

sample standard deviation of the S&P500. A further component of this premium could be the result353

of the marginally higher kurtosis estimate of the NASDAQ over the S&P500, leading investors354

to demand an even higher premium for investing in the NASDAQ. Interestingly, the skewness355

12 The fact that the stochastic dominance tests are based on just asset returns and not consumption data is an important
advantage of the approach. This result is similar to the approach ofCampbell (1993), who evaluates the CCAPM having
substituted out consumption. Also note that as price data on goods markets are not available daily, the asset returns used
in this example are expressed in nominal terms in contrast to the asset returns defined in the previous example, which are
expressed in real terms.
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Table 5
SD tests of Treasury yields (Rtb,t) and S&P500 equity returns (Rsp,t): 4 July 1989 and ends 14 July 2003

Stochastic dominance Null hypothesis Statistic Value Bottom 5% Top 5% pv

First Non-maximal MF1 29.373 6.520 7.552 0.000
Rb,t SD Rs,t SD1,b,s 29.373 6.713 8.391 0.000
Rs,t SD Rb,t SD1,s,b 30.117 6.520 8.456 0.000

Second Non-maximal MF2 249.298 0.000 70.166 0.000
Rb,t SD Rs,t SD2,b,s 249.298 0.000 70.166 0.000
Rs,t SD Rb,t SD2,s,b 6267.950 116.448 260.006 0.000

Third Non-maximal MF3 0.000 0.000 0.000 0.050
Rb,t SD Rs,t SD3,b,s 0.000 0.000 0.000 0.050
Rs,t SD Rb,t SD3,s,b 2.553× 106 3162.678 1.686× 104 0.000

Fourth Non-maximal MF4 0.000 0.000 0.000 0.000
Rb,t SD Rs,t SD4,b,s 0.000 0.000 0.000 0.000
Rs,t SD Rb,t SD4,s,b 4.111× 109 3.129× 105 1.937× 106 0.000

Bootstraps based on subsampling withB = 240 block sizes and 3421 replications.

estimate of the S&P500 is negative compared to the positive estimate of the NASDAQ. If agents356

prefer positive skewness to negative skewness, this would suggest that the observed premium357

between the two equities could be even higher if the two returns exhibited similar skewness358

characteristics. In general, all of the daily yields and returns exhibit significant non-normalities,359

as revealed by the Bera–Jarque normality test. This feature of the data raises the possibility that360

higher order moments are important in identifying the SD properties of the assets. This is in361

contrast to the results of the normality test using annual data reported inTable 1, which showed362

no strong evidence of non-normalities.363

Tables 5 and 6, respectively, provide SD tests for two pairs of assets: Treasury bond yields364

and the return on S&P500 (rtb,t, rsp,t); and the returns on the two risky assets, S&P500 and365

NASDAQ (rsp,t, rnd,t). Thep-values are based on subsampling, with the size of the blocks given366

Table 6
SD tests of S&P500 equity returns (Rsp,t) and NASDAQ equity returns (Rnd,t): 4 July 1989 and ends 14 July 2003

Stochastic dominance Null hypothesis Statistic Value Bottom 5% Top 5% pv

First Non-maximal MF1 6.496 0.968 3.098 0.000
Rb,t SD Rs,t SD1,b,s 7.124 1.226 3.357 0.000
Rs,t SD Rb,t SD1,s,b 6.496 0.968 3.938 0.000

Second Non-maximal MF2 133.433 0.000 43.442 0.000
Rb,t SD Rs,t SD2,b,s 133.433 0.000 45.185 0.000
Rs,t SD Rb,t SD2,s,b 2425.769 38.407 136.781 0.000

Third Non-maximal MF3 0.000 0.000 0.000 0.046
Rb,t SD Rs,t SD3,b,s 0.000 0.000 0.000 0.048
Rs,t SD Rb,t SD3,s,b 1.317× 106 2310.493 1.195× 104 0.000

Fourth Non-maximal MF4 0.000 0.000 0.000 0.011
Rb,t SD Rs,t SD4,b,s 0.000 0.000 0.000 0.022
Rs,t SD Rb,t SD4,s,b 2.950× 109 2.281× 105 1.455× 106 0.000

Bootstraps based on subsampling withB = 240 block sizes and 3421 replications.
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by B = α
[√

T
]

with α = 4. This yields blocks of sizeB = 240, resulting in 3421 replications to367

construct the sampling distributions of the test statistics.13
368

The reported value of 29.373 for MF1 in Table 5and itsp-value of 0.000 show that there is369

no evidence of first-order SD between Treasury bonds (Rtb,t) and S&P500 (Rsp,t). The reported370

value for MF2 has ap-value of 0.000, showing that there is also no evidence of second-order SD371

between the two assets, although the critical value of the bottom 5% is zero. These results imply372

that there is no puzzle, as the observed premium between the two assets of just under 4% reported373

in Table 4represents an appropriate amount of compensation for agents bearing higher risk who374

have concave utility functions.375

Interestingly, there is some evidence of third- and higher order SD of Treasury bonds over376

S&P500 for a nominal size marginally below 5%. This would suggest that there is a puzzle, but in377

reverse! This dominance possibly reflects the negative skewness in S&P500 (Table 4), whereby378

agents are not receiving sufficient compensation for bearing negative skewness when they prefer379

positive skewness.380

The main result of the SD tests between S&P500 (Rsp,t) and NASDAQ (Rnd,t), presented in381

Table 6, is that there is evidence at the 1% level that S&P500 dominates NASDAQ at the third382

order. There are a lot of “kissing” points between the two curves for low-return levels. This last383

result suggests that, in spite of slight negative skewness in S&P 500, agents with an aversion to384

higher order volatility and kurtosis in the NASDAQ do not find the premium of just over 4%385

between the two assets as sufficient compensation. Indeed, this premium would be even larger if386

the two assets exhibited similar skewness characteristics.387

Overall, the SD tests reveal no strong evidence of dominance at the first-order in any of the cases388

investigated. There is some evidence of third-order SD of Treasury bills over S&P500, and S&P500389

over NASDAQ. Both of these results reveal the importance of higher order moments, particularly390

skewness and kurtosis, in determining the risk preferences of agents and the subsequent risk391

premium observed in the mean. This partly explains the greater success of studies (e.g.,Epstein392

and Zin, 1991) which have chosen functionals that allow a role for higher order moments than393

the mean and the variance.394

5. Conclusions395

This paper has provided a non-parametric approach based on stochastic-dominance testing396

to reexamine the equity-premium debate without the need to specify the underlying utility and397

probability functionals. The tests for various orders of stochastic dominance helped to reveal how398

higher order moments are priced and, in turn, whether the observed premium in equities was399

sufficient compensation for bearing risk.400

The empirical results found little evidence of SD in the data sets investigated. There was some401

weak evidence of third- and higher order SD of equities over bonds in the Mehra and Prescott402

annual data, but only at 1%, and not at 5% levels. The empirical results using daily data revealed no403

first- or second-order dominance between Treasury bills and S&P500. There was weak evidence404

of third-order SD of Treasury bills over S&P500, suggesting that some agents ranked the risk-free405

asset over the risky asset when pricing skewness. This result was interpreted to imply that the406

observed equity premium might in fact be too small to compensate agents adequately for bearing407

13 The support of the cumulative distribution functions is based on the range of the data in each block with the number
of intermediate points set equal toB, the size of the blocks.
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higher risk associated with S&P500. Finally, there was no evidence of either first- or second-408

order SD between the risky assets, S&P500 and NASDAQ. However, there was some evidence409

that S&P500 third- and fourth-order stochastically dominated NASDAQ. Given that S&P500410

exhibited negative skewness and NASDAQ positive skewness, this suggested that the observed411

premium between the two assets would be even higher if they exhibited the same skewness412

characteristics.413

One implication of the lack of SD is that many of the existing models may be based on either414

inappropriate utility functions, or incorrect returns distributions, or both. It also suggests that there415

exist utility functions and appropriate probability distributions that will generate “acceptable” risk-416

aversion parameter estimates. That is, the search could be fruitful! The results point to the need417

to search over probability distributions that capture higher order moments in preferences, such as418

skewness and kurtosis. This result is interesting, given that most of the research has focused on419

respecifying the preference function. Furthermore, the lack of SD results suggest that research420

that has been devoted to formulating models that depart from the assumptions of complete and421

frictionless markets may be useful in so far as they are informative about the nature of preferences422

and about higher order moments in the probability distributions of the assets. (See also the work423

of Grant and Quiggin, 2001).424

The empirical results presented can be extended in a number of ways. First, the returns can425

be conditioned on a set of factors representing the state of the economy. The approach would426

be to run an auxiliary regression of each of the returns series on a set of factors, including a427

constant term, and use the residuals from this regression in the SD tests. Second, the assumption428

of expected utility theory can be partially relaxed by considering S-shaped utility functions and429

performing prospect-dominance tests following the approach ofLinton et al. (2005). Third, the430

daily data results can be extended to computing the McFadden maximality test over the full set431

of assets investigated so as to provide an overall ranking. Fourth, the framework presented here432

can also be applied to testing the validity of other puzzles such as the risk-free puzzle.433
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